
Chapter 22 ςDŀǳǎǎΩ [ŀǿ ŀƴŘ CƭǳȄ
ÅLets start by reviewing some vector calculus

ÅRecall the divergence theorem

ÅLǘ ǊŜƭŀǘŜǎ ǘƘŜ άŦƭǳȄέ ƻŦ ŀ ǾŜŎǘƻǊ ŦǳƴŎǘƛƻƴ F thru 
a closed simply connected surface S bounding 
a region (interior volume) V to the volume 
integral of the divergence of the function F

ÅDivergence F => Ð¶F

Volume integral of divergence of F =        Surface (flux) integral of F



Mathematics vs Physics

ÅThere is NO Physics in the previous 
άŘƛǾŜǊƎŜƴŎŜ ǘƘŜƻǊŜƳέ ƪƴƻǿƴ ŀǎ DŀǳǎǎΩ [ŀǿ

ÅIt is purely mathematical and applies to ANY 
well behaved vector field F(x,y,z)



Some History ςImportant to know
ÅCƛǊǎǘ άŘƛǎŎƻǾŜǊŜŘέ ōȅ Joseph Louis Lagrange1762

ÅThen independently by Carl Friedrich Gauss1813

ÅThen by George Green1825

ÅThen by Mikhail Vasilievich Ostrogradsky1831

ÅLǘ ƛǎ ƪƴƻǿƴ ŀǎ DŀǳǎǎΩ ¢ƘŜƻǊŜƳΣ DǊŜŜƴΩǎ ¢ƘŜƻǊŜƳ ŀƴŘ 
hǎǘǊƻƎǊŀŘǎƪȅΩǎ ¢ƘŜƻǊŜƳ

ÅLƴ tƘȅǎƛŎǎ ƛǘ ƛǎ ƪƴƻǿƴ ŀǎ DŀǳǎǎΩ ά[ŀǿέ ƛƴ 
Electrostatics and in Gravity (both are inverse square 
άƭŀǿǎέύ

ÅIt is also related to conservation of mass flow in 
fluids, hydrodynamics and aerodynamics

ÅCan be written in integral or differential forms

http://en.wikipedia.org/wiki/Joseph_Louis_Lagrange
http://en.wikipedia.org/wiki/Carl_Friedrich_Gauss
http://en.wikipedia.org/wiki/George_Green
http://en.wikipedia.org/wiki/Mikhail_Vasilievich_Ostrogradsky


Integral vs Differential Forms
ÅIntegral Form

ÅDifferential Form (we have to add some Physics)

ÅExample - If we want mass to be conserved in 
fluid flow ςie mass is neither created nor 
destroyed but can be removed or added or 
compressed or decompressed then we get

ÅConservation Laws



Continuity Equations ςConservation Laws

Conservation of mass in compressible fluid flow  
r= fluid density, u = velocity vector

Conservation of an incompressible fluid 
r= fluid density = constant here

Conservation of charge in electric current flow
J= current flux vector (amps/m2) , r= charge 
density (coulombs/ m3)

Conservation of probability on Quantum 
Mechanics, j = probability flux vector, 
r= probability

General Continuity Equation with source term s = 
source or sink ςcreation or annihilation

General Continuity Equation with s = 0



What are Continuity, Conservation Laws?
The equation What it means

ÅLet F= rV for a fluid then

ÅF = flux (mass flow) of fluid per unit area 
per unit of time (Kg/s-m2)

Å If you integrate this over a closed 
surface (right hand side) you get the net 
mass change per unit time going INTO or 
OUT OF the surface

ÅThis must be -µm/µt where m = mass 
inside the surface. Note minus sign ς
this depends on how we define the 
outward normal

Å BUT m = ñrdVand µm/dt = ñµr/µt dV

Å Now equate the two sides of the equation

Å We now get Ð¶F = -µr/µt or 

ÅÐ¶F +µr/µt = 0 => Continuity equation 



DŀǳǎǎΩ [ŀǿ ƛƴ 9ƭŜŎǘǊƻƳŀƎƴŜǘƛǎƳ

ÅWe start with an assumption about the E field 
from a point source. 

Å!ǎǎǳƳŜ ƛǘ ƻōŜȅǎ /ƻǳƭƻƳōΩǎ [ŀǿ ςie inverse 
square law

Where er is a radial unit 

vector away from the point 

charge q

Compute the surface integral of E(r) over a sphere of radius r with 

the charge q at the center. We will then use Gaussô Law.



Surface integral over sphere

ÅCompute the surface integral of E(r)over a 
sphere of radius r with the charge q at the
center. 

ÅñE(r) ¶dA = 4pr2 * kq/r2 = 4pkq = q/e0
Å(NOTE: no r dependence)  k=1/4pe0

ÅÐ¶E(ŗ 0) = 0 ςthis is true of ANY inverse 
square field (Gravity also)

ÅÐ¶E(r=0) = d(r) function (¤at r=0, 0 otherwise)



What if we are not at the center of the sphere?
We break the sphere into two imaginary regions ïone sphere inside the 

other but not centered.

Imagine there is only one charge in the smaller sphere and none between

The total flux when summing over both spheres is ZERO

Since Ð¶E(r 0̧) = 0 in between both spheres (no charges)

ñÐ¶E dV = 0 = ñE¶dA (over both spheres)

But = ñE¶dA (total) = 0 = ñE¶dA (outer sphere) + = ñE¶dA  (inner sphere)

Thus:

ñE¶dA (outer sphere) = -ñE¶dA (inner sphere)

But we know  ñE¶dA (inner) = Q/e0

Hence ñE¶dA (outer sphere) = Q/e0 (not minus due to the way we oriented 

the normal to the surface)

There was nothing special about the outer sphere, It could have been any 

shape, Hence ñE¶dA = Q/e0 where Q is the total charge enclosed. 

More generally Ð¶E = r/e0

Maxwell Eq #1 of 4    r= charge density



Electric Flux
Differential flux

Integral flux

Flux is charge 

enclosed Qs /e0

This is Gaussô Law



/ƻǳƭƻƳōΩǎ [ŀǿ ŦǊƻƳ DŀǳǎǎΩ [ŀǿ

Å Assume we have a point charge at 
ǘƘŜ ŎŜƴǘŜǊ ƻŦ ŀ ǎǇƘŜǊŜ ŀƴŘ ǳǎŜ DŀǳǎǎΩ 
Law

Å And spherical symmetry

Hence we get Coulombôs Law



Electrostatics ςHere it is dipole moments



Sparks

Lightning

Human Lightning

A typical human has a capacitance of about 200-300 pf

Discharge can 10-20 KV+ and amps but microsecond long

Total energy is small so generally not harmful



Typical van de Graff generator is Positively charged but 
NOT always ςdepends on belt material



Flux =0 through sphere



Charged metal sphere ςE=0 inside



{ƻƭǾƛƴƎ ŀ ǎǇƘŜǊƛŎŀƭ ǇǊƻōƭŜƳ Ǿƛŀ DŀǳǎǎΩ [ŀǿ
Assume charge Q is spread uniformly over r<R



Gaussian Surface



Metal box in external E field
άCŀǊŀŘŀȅ /ŀƎŜέ
E=0 inside box



¦ǎƛƴƎ ŀ άDŀǳǎǎƛŀƴ tƛƭƭōƻȄέ ŀƴŘ DŀǳǎǎΩ [ŀǿ ǘƻ ǎƻƭǾŜ ŦƻǊ 9 ŦƛŜƭŘ ŦǊƻƳ ŀ 
uniformly charged metal plate with charge per unit area = ˋ

Note E field is the same everywhere except inside metal (=0)



Two metal plates ςa Capacitor



Charged ball and metal container



Charged ball inside neutral metal container



Charge moves to outside of metal container



Total flux = total charge enclosed/ʁ0

In this case it is ZERO


